In this paper, we investigate the holographic phase transition with dark matter sector in the AdS black hole background away from the probe limit. We disclose the properties of phases mostly from the holographic topological entanglement entropy of the system. We find the entanglement entropy is a good probe to the critical temperature and the order of the phase transition in the general model. The behaviors of entanglement entropy at large strip size suggest that the area law still holds when including dark matter sector. We also conclude that the holographic topological entanglement entropy is useful in detecting the stability of the phase transitions. Furthermore, we derive the complete diagram of the effects of coupled parameters on the critical temperature through the entanglement entropy and analytical methods.
I. INTRODUCTION
The AdS/CFT correspondence provides us a powerful approach to holographically study strongly interacting low energy physics in condensed matter systems. According to this correspondence, the d dimensional strongly interacting theories on the boundary are dual to the d+1 dimensional weakly coupled gravity theories in the bulk [1] [2] [3] . The most simple holographic superconductor model dual to gravity theories is constructed by applying a scalar field and a Maxwell field coupled in an AdS black hole background [4] [5] [6] . Since then, a lot of more complete holographic superconductor models were also taken into account, such as the holographic superconductor models in Einstein-Gauss-Bonnet gravity, Horava-Lifshitz gravity, non-linear electrodynamics gravity and so on. These typical examples have attracted considerable interest for their potential applications to the condensed matter physics, see [7] - [34] .
Recently, a gravity theory with dark matter sector was proposed in [35, 36] . This new gravity theory was also considered in holographic superconductor models, which was constructed with a scalar field, a Maxwell field and another additional U(1)-gauge field corresponding to the dark matter one [37, 38] . With SturmLiouville eigenvalue and matching semi-analytical methods, it has been disclosed in [37] that the dark matter sector can bring rich physics in the new holographic model. Very surprisingly, this new model also allow superconducting solutions corresponding to retrograde condensation. In order to further study the effects of the dark matter sector on the holographic phase transition from other aspects of the scalar operator, the free energy and so on, we will have to turn to the numerical methods.
The papers [39, 40] have shown us a novel way to calculate the holographic entanglement entropy of a strongly interacting system from a weakly coupled gravity dual according to the AdS/CFT correspondence.
In this way, the holographic entanglement entropy has recently been applied to study the properties of phase transitions in various holographic models [41] - [57] . The entanglement entropy representing the degrees of freedom of the systems turns out to be a good probe to investigate the critical temperature and the order of the holographic phase transition. It was argued that the discontinuous slops imply the second order phase transition and the jump of the holographic entanglement entropy corresponds to the first order phase transition. It is meaningful to examine whether the holographic entanglement entropy approach is still useful in the holographic superconductor model with dark matter sector. From the other aspect, it was found that the entanglement entropy and thermal entropy behave qualitatively the same for large width strip [53, 54] . In accordance with the area law, it was found that the holographic entanglement entropy goes linearly for large strip [52] . Then it is expected that we can test the area law with dark matter sector from the entanglement entropy side. At last, the retrograde condensation phenomenon was observed in [37] , which usually corresponds to unstable solutions [60, 61] . We will also try to disclose the stability of the retrograde condensation solutions through the holographic entanglement entropy method.
The next sections are organized as follows. In section II, we review the construction of the holographic superconductor model with dark matter sector in the four dimensional AdS black hole spacetime beyond the probe limit. In section III, we study the properties of the holographic phase transitions by examining in detail the behaviors of the holographic entanglement entropy. We also give some analytical understanding of the phase transition properties. We summarize our main results in the last section.
II. EQUATIONS OF MOTION AND BOUNDARY CONDITIONS
The holographic superconductor model with dark matter sector is constructed by a scalar field and two gauge fields coupled in the AdS black hole background. The generalized Lagrange density of 4-dimensional spacetime with dark matter sector reads [37] :
where ψ(r) is a complex scalar field with mass m. A M stands for the ordinary Maxwell field and B M is the additional U (1) gauge field representing the dark matter one. −3/L 2 is the negative cosmological constant, where L is the AdS radius which will be scaled unity in our calculation. γ describes the backreaction of matter fields on the background. When γ → 0, we return to the holographic model in the probe limit [24] .
α is the coupling parameter between the two gauge fields, which should be small and on the order of 10
according to present astronomical observation [58] . In fact, when studying holographic superconductors, one is normally interested in the CFT on the boundary. It is not an issue whether the dual bulk gravitational theory is realistic or not. So in this paper, we study α varying in large range α ∈ [0, 2.5].
The Einstein equations for the system can be written in the form
whereT MN is the energy-momentum tensor expressed as
With the variation of the matter fields, we get the corresponding equations of motion:
Putting (6) into (4), we get the equation
Putting (7) into (6), we arrive at
In this work, we simply take the metric solutions and other matter fields in the forms:
Then the Hawking temperature of the black hole is expressed as
where r + is the horizon of the black hole satisfying g(r + ) = 0. We also need χ(r → ∞) = 0 to recover the AdS boundary.
From above assumptions, we can obtain the equations of motion as:
Where
. When a hairy black hole with ψ = 0 appears, we have to solve these equations by numerical methods. Near the AdS boundary (r → ∞), the asymptotic behaviors of the solutions are
with λ ± = (3 ± √ 9 + 4m 2 )/2, where µ and ρ can be interpreted as the chemical potential and charge density in the dual theory respectively. The other two operators ξ and ̟ are dual to the U(1) gauge field η(r).
At the horizon of the black hole, we can impose proper boundary conditions as:
where the dots denote higher order terms. Putting these Taylor expansions into equations, we are left with five independent parameters r + , ψ 0 , φ 0 , η 0 and χ 0 at the horizon. The scaling symmetry
can be used to set r + = 1.
Choosing m 2 = −2 > − In the case of ψ = 0, we get the exact analytic solutions in normal phase, a Reissner-Nordstrom-AdS black hole, which is given by
whereM can be interpreted as the mass of the black hole.
III. HOLOGRAPHIC PHASE TRANSITIONS IN ADS BLACK HOLE BACKGROUND
A. The stable phases with 1 + α
In this part, we focus on the holographic entanglement entropy(HEE) of the phase transition satisfying
The authors in Refs. [39, 40] have provided a method to compute the entanglement entropy of conformal field theories (CFTs) from the gravity side. We consider a belt geometryÃ with a finite width along the x direction and infinitely extending in y direction as:
as the size of regionÃ, andL is a regulator which is set to infinity. Minimizing the area of hypersurface γÃ whose boundary is the same as the stripeÃ, we can deduce the entanglement entropy forÃ as [52] 
with
where z * satisfies the condition We present the holographic entanglement entropy as a function of the temperature T in Fig. 1 with µ = 1, number of degrees of freedom due to the condensate generated in the phase transitions [54] .
Decreasing the temperature, we should determine the physical curve by always choosing the point of lowest entropy at a given T [52] . For each set of parameters, we find a threshold temperature T c , below which the hairy black hole appears. We also obtain approximate formulas for the holographic entanglement entropy of the normal state (S BH ) and superconducting state (S SC ) in the case of µ = 1, κ 2 = 0.1, m 2 = −2, l = 2, α = 0.5 and ξ µ = 1:
These formulas suggest that As shown with the solid blue point in Fig. 2 , we find a critical phase transition temperature T = 0.02079, which is equal to the threshold temperature T c = 0.02079 obtained from the behaviors of holographic entanglement entropy. That means the holographic entanglement entropy can be used to search for the critical phase transition temperature. With fitting methods, we obtain approximate formulas for the free energy of normal state (F BH ) and superconducting state (F SC ) that:
The front formulas suggest that:
In other words, the curve representing the physical phases with the lowest free energy is smooth at the critical temperature T c . We conclude that the jump of the slope of holographic entanglement entropy corresponds to second order phase transition in the general holographic superconductor model with dark matter. We also show the behaviors of the holographic entanglement entropy S with respect to the strip width l at a fixed temperature T=0.018 below the phase transition temperature T c in Fig. 3 . The solid colour lines denote the holographic entanglement entropy for superconducting phase. We see that for each line, S increases monotonically from a negative value to a positive value as we increase l. Choosing a larger strip size l, the entanglement entropy becomes sensitive to α and ξ µ . In all panels, the curves go linearly with l for large l, which means the area law holds in holographic models with dark matter sector [52] .
By applying the holographic entanglement entropy method, we go on to disclose in detail behaviors of the critical temperature T c . We show the effects of α on the critical temperature T c in Fig. 4 . In the left panel, when we increase the value of α in cases of κ 2 > 0 and At last, we try to examine the correspondence between condensation gap and critical temperature [17] . Fig. 7 . We show the holographic entanglement entropy in the left panel. Choosing the phases with lowest entanglement entropy, it is surprising that the condensed phase appears at high temperature T > T c = 0.07231, which implies that this solution is unstable. This novel behavior was referred as retrograde condensation [37, 60, 61] . We find that there are solutions of retrograde condensation phenomenon for all 1 + α
The free energy is powerful in studying the phase transitions. We calculate the free energy of the system in the right panel of Fig. 7 . It shows the free energy of this hairy black hole is larger than the free energy of the black hole in normal phase. Since the physical procedure corresponds to the phases with the lowest free energy, we arrive at an conclusion that the retrograde condensation superconductor solutions are thermodynamically unstable and the novel behaviors of the holographic entanglement entropy can be used to detect the thermodynamical stability of the phase transition.
C. Analytical study of the condensation
We would like to give an analytical understanding at the qualitative effects of α, 
According to the behaviors of the equations, we can assume the solutions η(r) = ξ µ φ(r), χ = 0 and deduce the equations for φ(r) and g(r) without dark matter term
. We can takenγ as the effective backreaction parameter to detect the changes of the critical temperature on the idea that a larger effective backreaction parameterγ corresponds to a smaller critical temperature T c [16, 24] . 2.25, 0 and -0.5 respectively. We argue that negative effective backreaction parameters with thermodynamical instability is a general properties in holographic phase transitions.
IV. CONCLUSIONS
We studied the behaviors of holographic metal/superconductor phase transitions in the presence of dark matter sector. We tried to explore the properties of the phase transitions by analyzing the holographic entanglement entropy of the system. It was showed that the entanglement entropy can be used to search the critical temperature and the jump of the slop of the holographic topological entanglement entropy corresponds to a second order phase transitions when including the dark matter sector. For larger strip size, the behaviors of holographic topological entanglement entropy suggest that the area law still holds with dark matter sector.
We also found that the entanglement entropy serves as a good probe to the stability of the phase transitions.
We obtained the thermodynamically stable conditions 1 + α ξ µ + ξ 2 µ 2 > 0 and our discussion are based on stable phases. In summary, we arrived at the conclusion that the holographic entanglement entropy can be used to explore the rich physics in holographic superconductor models with dark matter sector.
We also derived the complete diagram of effects of the parameters α, T c . That means the field η(r) and φ(r) coupled to determine the critical temperature. We argued that negative effective backreaction parameters developing thermodynamically unstable solutions may be a general properties in various holographic superconductor models.
